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Assessment of One- and Two-Equation Turbulence
Models for Hypersonic Transitional Flows

Christopher J. Roy¤ and Frederick G. Blottner†
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One- and two-equation turbulence models are examined for hypersonic perfect- and real-gas � ows with laminar,
transitional, and turbulent � ow regions. These models were generally developed for incompressible � ows, and the
extension to the hypersonic � ow regime is discussed. In particular, the compressible formulation of the turbulence
diffusion term for one-equation models is examined. For the Spalart–Allmaras model, the standard method for
forcing transition at a speci� ed location is found to be inadequate for hypersonic � ows. An alternative transition
method is proposed and evaluated for a Mach 8 � at plate test case. This test case is also used to evaluate three
different two-equation turbulence models: a low-Reynolds-number k–" model, the Menter k–! formulation, and
the Wilcox k–! model. These one- and two-equation models are then applied to the Mach 20 Reentry F � ight
vehicle. The Spalart–Allmaras model and both k–! formulations are found to provide reasonable agreement with
the � ight data for heat � ux, whereas the Baldwin–Barth and low-Reynolds-number k–" models overpredict the
turbulent heating rates by a factor of two. Careful attention is given to the numerical accuracy of the solutions in
the areas of both iterative and grid convergence.

Nomenclature
a = speed of sound, m/s
cb1 = turbulence modeling constant, 0.1355
cb2 = turbulence modeling constant, 0.622
ct1 = transition modeling constant, 1.0
ct2 = transition modeling constant, 2.0
ct3 = transition modeling constant, 1.2
ct4 = transition modeling constant, 0.5
cv1 = turbulence modeling constant, 7.1
cw1 = turbulence modeling constant, 3.24
cw2 = turbulence modeling constant, 0.3
cw3 = turbulence modeling constant, 2.0
c"1 = turbulence modeling constant, 1.44
c"2 = turbulence modeling constant, 1.92
c¹ = turbulence modeling constant, 0.09
D = turbulence diffusion term
d = distance to the wall, m
dt = distance from � eld point to the wall trip point, m
F = switching function for Menter’s k–! model
ft1 = transition function
ft2 = transition function
fw = turbulence modeling function
f1 = turbulence modeling constant, 1.0
f2 = turbulence modeling function
f¯ = turbulence modeling function
f¯¤ = turbulence modeling function
f¹ = turbulence modeling function
fº1 = near-wall turbulence damping function
fº2 = near-wall turbulence damping function
g = turbulence modeling function
k = speci� c turbulent kinetic energy, m2/s2

M = Mach number
n = time level
P = turbulence production term ¿i j .@ Qu i=@x j /

Presented as Paper 2000-0132 at the AIAA 38th Aerospace Sciences
Meeting, Reno, NV, 10–13 January 2000; received 14 July 2000; revision
received 30 January 2001; accepted for publication 5 February 2001. This
material is declared a work of the U.S. Government and is not subject to
copyright protection in the United States.

¤Senior Member of Technical Staff, Mail Stop 0825, Aerosciences and
Compressible Fluid Mechanics Department, P.O. Box 5800; cjroy@sandia.
gov. Member AIAA.

†Distinguished Member of Technical Staff, Mail Stop 0825, Aero-
sciences and Compressible Fluid Mechanics Department, P.O. Box 5800;
fgblott@sandia.gov.Fellow AIAA.

PrT = turbulent Prandtl number, 1.0
p = pressure, N/m2 , or transition region exponent
q = heat � ux, W/m2

Re = Reynolds number
RN = vehicle nose radius, m
RT = turbulence Reynolds number, k2=º"
r = turbulence modeling function
S = turbulence source term
OS = strain rate for Spalart–Allmaras turbulence model
SD = turbulence destruction source term
Si j = strain rate tensor, 1

2
.@ Qu i=@x j C @ Qu j =@ xi /, 1/s

SP = turbulence production source term
St = turbulence transition source term
T = temperature, K
Tu = freestream turbulence intensity, %
t = time, s
U = conserved transport quantity
u i = velocity in i th coordinate direction, m/s
u t = tangential velocity, m/s
V = velocity magnitude, m/s
x = axial coordinate, m
xi = i th coordinate direction, m
y = wall normal direction, m
® = angle of attack, deg, generic constant
¯ = turbulence modeling constant, generic constant,

Roberts stretching parameter
¯¤ = turbulence modeling constant
0 = turbulence intermittency;0 D laminar, 1 D turbulent
° = ratio of speci� c heats
O° = turbulence modeling constant
1U = velocity magnitude for Spalart–Allmaras

model, m/s
1xt = grid spacing along the wall at the trip location, m
±i j = Kronecker delta function; 1 when i D j , otherwise 0
" = speci� c dissipation rate, m2/s3, numerical error
´ = curvilinear coordinate
µcone = cone half-angle, deg
· = von Kármán constant, 0.41
3 = transition modeling function
3n = iterative convergenceparameter
¸ = transition modeling function
¹ = absolute viscosity, Ns/m2

O¹ = absolute Spalart–Allmaras working variable, Ns/m2

º = kinematic viscosity, m2/s
Oº = kinematic Spalart–Allmaras working variable, m2/s
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» = curvilinear coordinate
½ = density, kg/m3

¾ = turbulence modeling constant
¿i j = turbulent stress tensor, m2/s2

’ = nonconserved transport quantity
Â = turbulence modeling parameter
Â ¤ = turbulence modeling function
Äi j = rotation tensor, 1

2
.@ Qu i=@x j @ Qu j =@ xi /, 1/s

! = speci� c turbulent frequency, 1/s
!t = wall vorticity magnitude at the trip location, 1/s

Subscripts

E = exact value
e = end of transition
eff = effective value (turbulent plus laminar)
i; j; k = indices for tensor notation
k = quantity in turbulence kinetic energy equation
l = transition length
RE = Richardson Extrapolation value
ref = reference value
s = start of transition
T = turbulent quantity
t = transitional quantity
w = wall value
" = quantity in turbulence dissipation rate equation
! = quantity in turbulence frequency equation
1 = k–! constant for Menter’s model
2 = k–" constant for Menter’s model
1 = freestream value

Superscripts

C = quantity in wall coordinates
» = Favre (density-weighted) averaging
— = Reynolds (time-based) averaging
00 = Favre � uctuating quantity

Introduction

T HIS work is concerned with developing a capability to model
high-speed compressible boundary layers with laminar, tran-

sitional, and turbulent � ow regions. The approach uses one- and
two-equation eddy-viscosity models to predict the turbulent � ow.
The same governing equations are presently being used to predict
the transitional� ow regionwhere the onset to turbulent� ow is spec-
i� ed and assumed to be known. The prediction of where onset to
turbulent � ow occurs is a research area that depends on an analysis
of the � ow stability, understandingof the � ow disturbancesoutside
the boundary layer, and a capability to predict the boundary-layer
receptivity. The process of entraining disturbances into the bound-
ary layer and producingperturbationsthat can be ampli� ed is called
receptivity.

The modeling of compressible transitional and turbulent � ows is
still an active area of research. A discussion of the physical mech-
anisms for transition to turbulence in supersonic and hypersonic
boundary layers is given by Masad and Abid.1 Singer2 presents
a review of modeling procedures for the transitional � ow region,
whereasWilcox3 givesa discussionof turbulencemodelingfor com-
pressible � ows. Huang et al.4 discussmodi� cations for the standard
turbulencemodelswhich are requiredto reproducethecompressible
law of the wall for high-speed boundary layers.

The experimental data utilized in the current work are Van
Driest’s5;6 compressible � at plate � ow transformation as well as
measurements from the Reentry F � ight vehicle (see Ref. 7). The
latter is a 5-deg half-angle cone with a small spherical nosetip and
has � ight data available for a wide range of hypersonic Mach num-
bers. In recent years, this experimentaldata set has been reevaluated
with modern computationalcodesand is documented in Refs. 8–10.
Aerothermal predictions have also been presented in these papers.
Most of these solutions are for axisymmetric � ow with the vehicle
at 0-deg angle of attack, but full three-dimensional solutions have
been obtainedat actual � ight angles of attack, for example, 0.14 deg

at 24.4-km altitude. Although there are many details of this � ight
experiment that are not well de� ned, the overall heat transfer pre-
dictions are in reasonable agreement with the � ight measurements.

The purpose of this paper is to assess the performance of several
standard one- and two-equation turbulence models for hypersonic
transitional� ows.The Navier–Stokesequationswere choseninstead
of simpler formulations,for example,boundary-layerequations,be-
cause of their generality for more complex � ows. The application
of turbulence models to compressible � ows is not always clear be-
cause most models were originally developed for incompressible
� ows. Formulations for incompressible � ow are not applicable to
compressible � ow because some variables, for example, density
and viscosity, have been assumed constant in the development.The
turbulent transport equations are often written in substantial dif-
ferential form, whereas conservation form is generally required in
compressible Navier–Stokes codes. Problems with the formulation
of the governing equations for compressible turbulence models in
conservation form are discussed. For example, the form of the dif-
fusion term in the Spalart–Allmaras11;12 model is rewritten, and
justi� cation for the new form is given.

The Sandia advanced code for compressible aerothermodynam-
ics research and analysis code (SACCARA)13 16 is used for the
results presented in this paper. For one-equationturbulencemodels,
the SACCARA code has options for both the Baldwin–Barth17 and
Spalart–Allmaras11;12 eddy-viscositymodels.There is evidencethat
the use of the Baldwin–Barth modeldoes not constitutea well-posed
system of governing equations.18 For boundary-layer and shear-
layer � ows, the solutions do not appear to converge to a unique
solution as the mesh is re� ned. Therefore, there is more interest
in using the Spalart–Allmaras model because it has proven to be
numerically robust. Part of the present work is concerned with the
evaluation of the Spalart–Allmaras model for high-speed � ows and
the simulation of the transition region with the Spalart–Allmaras
model.

The SACCARA code also has options for three popular
two-equation eddy-viscosity turbulence models: a low-Reynolds-
number k–" formulation and two k–! models. The k–" model
employs the low-Reynolds-number modi� cation of Nagano and
Hishida19 to allow integrationto solid walls. The � rst k–! formula-
tion is the hybrid model of Menter,20 which is a blending between a
k–! formulation (near solid walls) and a k–" formulation (in shear
layers and freestream � ow). Menter proposed this hybrid model to
take advantage of the accuracy of the k–! model for wall-bounded
� ows and the k–" model for free shear layers. The � nal model is the
Wilcoxk–! model,3 whichwas modi� ed in 1998 to improve thepre-
dictive accuracy for shear � ows. This model is referred to as the
Wilcox (1998) model in the current work. The appropriate form of
the two-equationeddy viscosity equations is important because the
one-equation formulation can be developed from the two-equation
transport relations.This approach may be used to determine the ap-
propriateformof the transportequationfor theone-equationmodels.

Two � ow cases have been used to investigate the performanceof
the one- and two-equation eddy-viscosity models. The � rst case is
the � ow over a � at plate at Mach 8 with � ow conditionscorrespond-
ing to an altitudeof 15 km, where the perfect-gasmodel is appropri-
ate.The skin frictionalongthe � at plate is used to judgethe accuracy
of the predictions through comparisons with the accurate laminar
and turbulent results of Van Driest.5;6 Squire21 estimates the accu-
racy of the Van Driest-type turbulencecorrelationsfor compressible
� ows to be within §3%. The control of the transition location with
the Spalart–Allmaras model has also been investigated.

The second case investigated is the � ow over the Reentry F � ight
vehicle at Mach 20 and at an altitude of 24.4 km (80,000 ft), where
real-gas effects are signi� cant in the boundary layer and a small
region in the inviscid � ow due to nose bluntness. The measured
heat transfer along the vehicle is used to judge the accuracy of
the model predictions. The transition location is speci� ed to give
a reasonable match of the wall heat � ux with the � ight data. The
solutions have been obtained on at least three mesh levels with the
number of cells in each coordinatedirection doubled for each mesh
re� nement. In addition, the solutions on each mesh are marched
in time until the wall heat � ux has obtained a steady-state value.
The accuracy of the iterative solution relative to the steady-state
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solution has been estimated for each model. The various uncertain-
ties and assumptions in the � ight experiment and prediction are
discussed.

In this initial assessment of turbulence models for high-speed
compressible � ows, the investigation has been limited to turbulent
boundary-layer � ows with perfect- or real-gas properties and zero
pressure gradient (the Reentry F case has been simulated with an
equilibriumairmodel). The effectsof chemicalnonequilibriumwith
the introductionof speciesequationshas not been addressed.For the
present � ow conditions, the effects of � nite-rate chemistry should
not be signi� cant.

Favre-Averaged Transport Equation
for Turbulence Models

The generic formof the turbulenttransportequationin substantial
derivative form3 is

N½
D’

Dt
D D C SP SD (1)

where

D D D1
ND; D1 D @

@x j

³
¹eff

@’

@x j

´

For example, for a one-equation eddy viscosity model, the depen-
dent variable ’ is the kinematic eddy viscosity ºT and the effective
diffusioncoef� cient is ¹eff. In some models there are two parts to the
diffusion term on the right-hand side of Eq. (1); D1 is the � rst part
of the diffusion term, which can be put in conservation form, and
ND is the remaining part. When ND is included, it can take on several

forms. The source term S D SP SD has a production part SP and
a dissipation part SD . If the continuity equation is multiplied by ’
and added to Eq. (1), the resulting equation is the generic transport
equation in conservation form:

@U

@t
C @

@x j

»
N½ Qu j ’ ¹eff

@’

@x j

¼
D ND C SP SD (2)

The dependent variable is now U D N½’. This development utilizes
Favre (tilde) and Reynolds (overbar) averaging.See Ref. 3 for nota-
tion and for details on the averaging procedures.For all results pre-
sented herein, a value of unity is assumed for the turbulent Prandtl
number PrT .

One-Equation Turbulence Model
There have been a number of one-equation turbulence models

developedthatusea transportequationto solvefor theeddyviscosity
directly.The presentwork is focusedon the Spalart–Allmarasmodel
and a brief description is presented.

Spalart–Allmaras Model
The transport equation for determining the eddy viscosity with

near-wall effects included has been developed by Spalart and
Allmaras.11;12 Thegoverningequationformisslightlydifferentfrom
Eq. (1) and is

N½
D’

Dt
D D C SP SD C St ; O¹ D

¹T

fº1
D N½’ (3)

The dependent variable ’ D Oº D ºT = fv1, where fv1 is a damping
function used in the near-wall region and mainly in the viscous
sublayer. This function and the right-hand-side terms will be de-
� ned later. The continuity equation is multiplied by ’ and added to
Eq. (3), which gives a transport equation in conservation form for
the Spalart–Allmaras model in the form of Eq. (2),

@U

@t
C @

@x j

»
N½ Qu j ’ ¹eff

@’

@x j

¼
D ND C SP SD C St

U D N½ Oº D N½’; ¹eff D ¹ C O¹
¾

(4)

The right-hand side has contributions from a diffusion term as well
as production, destruction, and trip terms. The four terms in the
model are written as follows.

Diffusion-originalform:

D D N½
@

@x j

µ
¹eff

N½
@’

@x j

¶
C D2 D D1 C ND

¹eff D ¹ C O¹
¾

D N½
º C ’

¾
; ND D D2 D3

D1 D @

@x j

µ
¹eff

@’

@x j

¶
; D2 D

cb2 N½
¾

³
@’

@x j

´³
@’

@x j

´

D3 D
³

¹eff

N½

´
@ N½
@x j

@’

@x j

Diffusion modi� ed for compressible � ow:

D D D1 C D2; ND D D2; D3 D 0

Production:

SP D cb1[1 ft2] OS N½’; OS D
p

2Äi j Äi j C . Oº=· 2d2/ fº2

Destruction:

SD D
©
cw1 fw

¡
cb1

¯
·2

¢
ft2

ª
N½.’=d/2

Trip term:

St D ft1 N½.1U /2

The quantity 1U is simply the local velocity magnitude for � xed
wall � ows. In the formaltransformof thetransportequationintocon-
servation form, the diffusion term includes a density gradient term,
D3 . This term is zero when the transport equation [Eq. (4)] is devel-
oped from the compressibleform of the k–" transport equations18;22

and is shown in the term labeleddiffusionmodi� ed for compressible
� ow. This form of the diffusion term is used in the presentwork. In-
cluding this density gradient term has been found to cause stability
problemsfor high-speed� ows, while havingnegligibleeffect on the
predictions.The model controls transitionfrom laminar to turbulent
� ow with the use of the trip term. With this additional physics, the
foregoing governing equation requires some additional terms and
de� nitions for ft1 and ft2 , which involves the coef� cients ct1–ct4.
Except where noted, the standardvalues for the model constantsand
functions are used in the current work and are given by

fv1 D Â 3

Â 3 C c3
v1

; fv2 D 1
Â

1 C Â fv1
; fw D g

³
1 C c6

w3

g6 C c6
w3

´1
6

Â D
Oº
º

; g D r C cw2.r 6 r /; r D
Oº

OS·2d2
; ¾ D 2

3

cw1 D
cb1

· 2
C 1 C cb2

¾
D 3:24; gt D min

³
0:1;

1U

!t 1xt

´

ft1 D ct1gt exp

³
ct2

!2
t

1U 2

£
d2 C g2

t d2
t

¤´
; ft2 D ct3e ct4Â2

Boundary Conditions for Spalart–Allmaras Model
At the wall, ¹T D 0 or Oº D 0. The freestream boundary condition

for this model is the speci� cation of the turbulent eddy viscosity
¹T . In the freestream there should be no production of the eddy
viscosity, which requires that

ft2 D ct3e
ct4Â2

> 1

to turn off the production term in Eq. (6). The restriction on Â is

Â D Oº=º <
p

. ct3/=ct4 D 0:604
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The restriction on the freestream eddy viscosity becomes

¹T =¹ < Â fv1 D Â
¯£

1 C .cv1=Â/3
¤

D 3:713 £ 10 4 (5)

The freestreameddyviscosityas suggestedby Spalart and Allmaras
is Qº < 1=2º, which gives

¹T =¹ < Oº fv1=º D 1:746 £ 10 4

Control of Laminar and Turbulent Flow with
the Spalart–Allmaras Model

The governingequationhas three terms that are in� uenced by the
transition model. The complete source term (for the conservative
formulation) is

S D
cb2 N½
PrT

³
@ Oº
@x j

´2

C cb1[1 ft2] OSU

¡
cw1 fw cb1 ft2

¯
·2

¢
N½
³

Oº
d

´2

C ft1 N½.1U /2 (6)

where the trip terms are underlined. The � rst term is part of the
diffusion term and is included in the source term as it is evaluated
numericallyin an explicitmanner.The secondterm is the production
term, and it will produce or increase the eddy viscosity if ft2 < 1.
The third term is the destruction term, and it will decrease the eddy
viscosity if cw1 fw > cb1 ft2=· 2. The fourth term is the trip term, and
it will increase the eddy viscosity as ft1 > 0.

The model generallypredicts turbulent� ow everywherewhen the
trip terms are zero:

ft1 D 0 or ct1 D 0; ft2 D 0 or ct3 D 0

The � ow can be made laminar everywherewith the followingvalues
of the trip terms:

ft1 D 0; ft2 ¸ 1:0 or ft2 D ct33; 3 D e ct4Â2

or

ft1 D 0; ft2 D 0; cb1 D 0

Several different approacheshave been investigatedto control tran-
sition and to replace the original trip model approach of Spalart–
Allmaras.

Method 1 ( ft2 Is Modi� ed)
In this approach, the value of ft1 D 0 and ft2 D ct3.1 ¸/, where

¸ varies from zero in the laminar � ow region to one in the turbulent
� ow region. The parameter is increased smoothly and de� nes the
transitional � ow region. This method requires speci� cation of the
location and length of the transitional region.

Method 2 (cb1 Is Modi� ed)
In this method, the trip terms ft1 and ft2 are set to zero. The coef-

� cient cb1 is modi� ed from the laminar � ow region to the turbulent
� ow region as follows:

x < xs : cb1 D 0; x > xe: cb1 D 0:1355

xs · x · xe : cb1 D 0:1355¸ p; ¸ D .x xs/=.xe xs/

where, for example, p may be chosen as 1 or 2. In this method, the
location of the start of transitional � ow xs and end of transitional
� ow xe are speci� ed.

Method 3 [cb1(1 ¡ ft2 ) Is Modi� ed]
In this method the production term coef� cient is modi� ed by

writing this term as ®cb1.1 ft2/. The parameter ® increases from
zero to one in the transitional � ow region. From the de� nition of
ft2 , the following is obtained:

Â D Oº=º D
p

[ ft2=ct3]=ct4 (7)

The production term switches sign when ft2 D 1, which gives a
criticalvalueof Â , which is Â ¤ D 0:604. When x < xt , set ® D 0, and
there is no production of eddy viscosity upstream of the transition
location xt . When x > xt , ® is increased downstream toward one.
This increase is controlled by setting

® D 1 ft2 D 1 ct3e
ct4Â2

When x > xt and Â · Â¤, then Â D Â¤. When x > xt and Â > Â ¤,
then Â is obtained from Eq. (7). In this method, only the single
parameter xt must be speci� ed. The behaviorof these three methods
is discussed in the results section for the � at plate.

Two-Equation Turbulence Models
The standard method for specifying transition to turbulence is

through analogy with the turbulence intermittency approach. The
turbulence transport equations are solved over the entire domain,
with a user-de� ned transition plane speci� ed. Upstream of this
plane, the effective viscosity is simply set to the laminar value,
while downstream, the effective viscosity is the sum of the laminar
and turbulent viscosities, that is,

¹eff D .1 0/¹ C 0¹T ; 0 D
»

0 laminar

1 turbulent

For the remainder of this investigation, this transition speci� cation
method will be referred to as the step transition method.

High-Turbulent-Reynolds-Number k–" Model
The high-Reynolds-number formulation3 is appropriate for tur-

bulent � ows but is not appropriate in the near-wall region. It can be
applied in the outer part of boundary layers and combined with an
inner boundary layer approach near the wall to obtain a complete
formulation. For the standard k–" model, the turbulent kinetic en-
ergy equation for a compressible � uid can be rearranged into the
form of Eq. (2), where the variables have the following values:

U D N½k D N½’; ¹eff D ¹k; ND D 0

SPk D N½P; SDk D N½" (8)

The standardform of the productionterm P for compressible� ows3

is

P D ¿i j
@ Qu i

@x j

(9)

where

¿i j D u00
i u 00

j D 2ºT

³
Si j

1
3

@ Quk

@xk
±i j

´
2
3

k±i j (10)

However, for the k–" model, the compressible production term is
approximated by the incompressible contributiononly, that is,

P ¼ ºT

³
@ Qui

@x j
C

@ Qu j

@xi

´
@ Qu i

@x j

(11)

The effective viscosities are

¹k D ¹ C ¹T =¾k ; ¹" D ¹ C ¹T =¾"

where ¹T D c¹ f¹ N½k2
¯

" (12)

For the high-Reynolds-numbermodel, f¹ D 1. The transport equa-
tion for dissipationof turbulent kinetic energy can also be put in the
form of Eq. (2), where the variables have the following values:

U D N½" D N½’; ¹eff D ¹"; ND D 0

SP" D c"1 f1 N½."=k/P; SD" D c"2 f2 N½."2=k/ (13)

The constants in the foregoing equations use the standard values,
¾k D 1:0 and ¾" D 1:3.

Low-Turbulent-Reynolds-Number k–" Model
The Nagano and Hishida model19 was developedfor incompress-

ible � ow and is included in the current formulation.The model uses
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the following damping function in the eddy viscosity relation given
in Eq. (12):

f¹ D [1 exp. yC=26:5/]2

The source term for the turbulent kinetic energy equation (8) is

S D N½ P N½" C QD

Again, the production term has been approximated with by the in-
compressible form given in Eq. (11). The source term for the dissi-
pation rate equation is

S D ."=k/.c"1 f1 N½ P c"2 f2 N½"/ C QE

The parameters in these source terms are

f2 D 1 0:3e R2
T ; RT D

k2

º"

QD D 2¹

³
@
p

k

@y

2́

; QE D ¹ºT .1 f¹/

³
@2 Qut

@y2

2́

where the variables QD and QE use boundary-layer-typederivatives
normal to the wall and QE requires the tangentialvelocity component
Qu t .

The Nagano–Hishida and the Launder–Sharma23 low-Reynolds
k–" turbulence models have been used by Theodoridis et al.24 to
predict transitional � ow. They have investigated a � at plate � ow
experiment, where the freestream turbulent intensity was approxi-
mately 3 and 6%. The two turbulence models were used to model
the laminar to turbulent bypass transition in which the freestream
turbulencedetermines where the transition to turbulent � ow occurs.
For this bypass transition case, the Nagano–Hishida model predicts
transition to turbulent � ow too near the leading edge, whereas the
Launder–Sharma model predictions are in reasonable agreement
with the experimental data. Of course, neither of these turbulence
models was developed to predict where transition will occur in a
� ow; the performance of the Launder–Sharma model in predicting
the location of transition is fortuitous. The failure of the Nagano–

Hishida model for transitional � ow requires caution in the applica-
tion of this model, and a procedure is required to have the model
turned on at the appropriate location.

Menter k–! Model
Two different two-equation turbulencemodels are described that

solve equations for the turbulent kinetic energy k and the frequency
of turbulent � uctuations !. The Menter k–! model20 is a hybrid
model that uses a blending function to combine the best aspects of
both the k–! and the k–" turbulencemodels.Near solidwalls, a k–!
formulation is used that allows integration to the wall without any
specialdamping or wall functions.Near the outer edgeof the bound-
ary layer and in shear layers, the model blends into a transformed
version of the k–" formulation, thus providinggood predictions for
free shear � ows.

The Menter k–! model can be written in the form of Eq. (2) for
both the turbulent kinetic energy equation,

U D N½k D N½’; ¹eff D ¹k ; ND D 0

SPk D N½ P; SDk D ¯¤ N½k! (14)

and the turbulent frequency equation,

U D N½! D N½’; ¹eff D ¹!; ND D 2 N½.1 F/¾!2
1

!

@k

@x j

@!

@x j

SP! D N½
O°

ºT

P; SD! D ¯ N½!2 (15)

The cross-diffusion term ND in Eq. (15) arises due to the transfor-
mation of the " equation into an equation for !. The compressible

form of the productionterm from Eq. (9) is employed.The effective
viscosities are given by

¹k D ¹ C ¾k ¹T ; ¹! D ¹ C ¾!¹T ; where ¹T D N½k=!

(16)

and the model constants are blended values of the k–! and k–"
parameters. For example, for the constant ¯ ,

¯ D F¯1 C .1 F /¯2

where F varies from unity at the wall to zero outsidewall boundary
layers and a subscript 1 denotes k–! constants and a 2 denotes k–"
constants. The values for these constants are

¾k1 D 0:5; ¾!1 D 0:5; ¯1 D 0:075

¯¤ D 0:09; O° 1 D
¡
¯1

¯
¯¤

¢ ¡
¾!1·

2
¯p

¯¤
¢

D 0:553

¾k2 D 1:0; ¾!2 D 0:856; ¯2 D 0:0828

¯¤ D 0:09; O° 2 D
¡
¯2

¯
¯¤

¢ ¡
¾!2·

2
¯p

¯¤
¢

D 0:44

Wilcox (1998) k–! Model
For the Wilcox (1998) k–! model,3 the terms in Eq. (2) for the

turbulent kinetic energy equation are

U D N½k D N½’; ¹eff D ¹k; ND D 0

SPk D N½ P; SDk D ¯¤ f¯¤ N½k! (17)

and for the turbulent frequency equation are

U D N½! D N½’; ¹eff D ¹!; ND D 0

SP! D N½. O° =ºT /P; SD! D ¯ f¯ N½!2 (18)

where

O° D 0:52; ¾k D ¾! D 0:5; ¯¤ D 0:09

f¯¤ D

8
<

:

1; Âk · 0;

1 C 680Â 2
k

1 C 400Â 2
k

; Âk > 0;
Âk ´ 1

!3

@k

@x j

@!

@x j

¯0 D 0:072; f¯ D 1 C 70Â!

1 C 80Â!

; Â! ´
­­­­
Äi j Ä jk Ski

.¯¤!/3

­­­­

The production term P and the eddy-viscosityde� nitions are given
in Eqs. (9) and (16), respectively.This formulation is a modi� cation
to an earlier Wilcox k–! model25 and is designed to improve model
predictions for certain shear-layer � ows and to reduce the solution
sensitivity to freestream ! values.

Boundary Conditions for the Two-Equation Turbulence Models
For all three two-equationmodels, the turbulent kinetic energy k

is speci� ed to be zero at solid surfaces.The speci� c dissipationrate
" is also set to zero at walls. For the k–! models, the omega value
for the � rst cell off the wall !1 is set to

!1 D 6º=¯.1y/2 (19)

where 1y is the distance from the cell center to the wall. The wall
value is set to

!w D 10
£
6ºw

¯
¯.1y/2

¤
(20)

The interiorghost cell value for the turbulent frequency,! 1 , is then
set so that the second derivative of ! at the wall is zero, that is,

! 1 D 2!w !1 D 6.20ºw º1/

¯.1y/2
(21)
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where º1 is the molecular viscosity in the � rst interior cell off the
wall.

The method for determining the freestream turbulenceproperties
for the two-equation models is given as follows. The speci� cation
of a freestream turbulence intensity Tu is used to determine the
turbulent kinetic energy in the freestream from

k D .1:2=2/[.Tu=100/V1]2 (22)

where, for example, Tu D 10 correspondsto a freestream turbulence
intensity of 10%. The dissipationand turbulencefrequencyare then
determined by specifying the turbulent viscosity ¹T , that is,

" D C¹½k2
¯

¹T or ! D ½k=¹T (23)

Flow Predictions for Flat Plate
Flow over a � at plate has been chosen as a high-speedtest case to

illustrate the behaviorof the laminar/turbulent � ow results obtained
with the one- and two-equation turbulence models. The test case is
Mach 8 � ow over a � at platewith a wall temperatureof Tw D 1000 K
andfreestreamconditionscorrespondingto an altitudeof 15 km. For
this case, the temperature in the � ow is suf� ciently low that perfect-
gas assumption with ° D 1:4 is reasonable.

Freestream Flow Conditions
The freestream conditions26 for the � at plate case are

p1 D 1:21114 £ 104 N/m2; T1 D 216:65 K

½1 D 0:19475 kg/m3; a1 D
p

° p1=½1 D 295:07 m/s

V1 D a1 M1 D 2360:54 m/s

¹1 D 1:458 £ 10 6T
3
2

1

.T1 C 110:4/
D 1:4216 £ 10 5 Ns/m2

where Sutherlands law is used for the absolute viscosity. For the
Spalart–Allmaras model, the restrictionon the freestream eddy vis-
cosity is determined by Eq. (5), which gives

¹T 1 < 5:27 £ 10 9 Ns/m2

for the Mach 8 � at plate � ow case. The freestream eddy viscosity
for all models was, thus, chosen as

¹T 1 < 1:0 £ 10 9 Ns/m2

unless indicatedotherwise.For the two-equationmodels, the further
speci� cation of a freestreamturbulenceintensityof 0.01% was used
to determine the turbulent kinetic energy in the freestream from
Eq. (22).

Computational Mesh for the Flat Plate
A parabolic mesh has been used around the � at plate with the

.x; y/ Cartesian coordinate system � xed at the leading edge. The
parabolic mesh topology was chosen because it allows for easy
clustering at the leading edge, which helps to mitigate the effects of
the leading-edge singularity. The computational coordinates » and
´ are related to the Cartesian coordinates as follows:

x D ®.» 2 ´2/; y D 2®»´; ® D 0:05

0 · » · »max; 0 · ´ · 1; »max D
p

1 C 1=®

The value of »max has been determined by setting x D 1 at ´ D 1.
This gives a mesh that is slightly longer than 1 m along the � at
plate. A uniform mesh is used in the » coordinatedirectionwhereas
a nonuniform mesh spacing is used in the ´ coordinate direction.
The mesh spacing has been determined with the lower boundary
stretching transformation of Roberts27 (see also Ref. 28). Most of
the results have been obtained with 80 £ 160 cells. A coarser mesh
of 40 £ 80 and a � ner mesh of 160 £ 320 have been used to show
that the 80 £ 160 mesh provides results suf� ciently accurate for the
� gures presented.A Roberts stretchingparameter of ¯ D 1:001 has

been used for the one-equation models. This choice for ¯ gives
maximum yC values at the wall of approximately2.3 for the coarse
40 £ 80 mesh. As expected, the maximum allowable yC values for
the two-equationmodelswere found to be much smaller than for the
one-equationmodels,with the largervaluesresultingin convergence
problems.Thus, for the two-equationmodels,a stretchingparameter
of ¯ D 1:00007 was used giving yC · 0:2 at the wall for the coarse
mesh.

Flat Plate Results with the Step Transition Method
For the freestreamconditions and meshes just speci� ed, the lam-

inar/turbulent � ow has been calculated with the SACCARA code
and compared to the accurate laminar and turbulent results obtained
for this case by Van Driest.5;6 The uncertainty in the skin friction
for Van Driest-type correlations for turbulent compressible � ows
was recently estimated to be §3% (see Ref. 21). The step transition
method is used where the laminar viscosity is the sole contributorto
the effectiveviscosityupstreamof the transitionplane.For this case,
theSpalart–Allmarasmodelhas the ft1 trip termset to zero.The tran-
sition location was speci� ed at Rext D 3:84 £ 106 .xt D 0:1196 m).
The choice of the transition location is somewhat arbitrary because
the results will be compared to both laminar and turbulent � ow the-
ory.The L2 norms of the residualsfor both the momentumequations
and the turbulence equations were reduced at least eight orders of
magnitude in each case, suggesting that the results for the � at plate
problem are not in� uenced by iterative convergence error.

Skin-frictionpro� les have been obtainedusingall � ve turbulence
models for the Mach 8 � at plate case. The Baldwin–Barth and both
k–! models give transition at the speci� ed transition plane for the
given freestream turbulence levels as shown in Fig. 1. To move the
transitionpoint to the desired location, the freestreameddyviscosity
had to be increased to 1 £ 10 6 Ns/m2 for the Spalart–Allmaras
model, and the turbulence intensity had to be increased to 0.1% for
the low-Reynolds-numberk–" model (see Fig. 2). All of the models

Fig. 1 Transition location with one- and two-equation turbulence
models for Mach 8 � at plate � ow with the step transition method.

Fig. 2 Transition location for various freestream turbulence levels
with the Spalart–Allmaras and k–" turbulence models for Mach 8 � at
plate � ow (step transition method).
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that correctly predict turbulent � ow downstream of the transition
point also predict skin friction in this region in agreement with the
theory. Note that the current work does not address the sensitivity
of the results to freestream turbulence levels.

Modi� ed Transition Results for Spalart–Allmaras Model
Solutions have been obtained with both of the Spalart–Allmaras

trip functions ft1 and ft2 set to zero. For this case, the � ow is tur-
bulent along the � at plate with the freestream eddy viscosity ¹T

varying from 10 9 to 10 5 Ns/m2. Thus, with the trip functions set
to zero, the sensitivity of the transition location to the freestream
eddy viscosity is greatly reduced. Solutions have been obtained
with the trip function ft2 included and ft1 set to zero. For this
case, the � ow transition location is dependent on the freestream
eddy viscosity.When the eddy viscosity is 10 9 Ns/m2, the � ow re-
mains laminar over the length of the � at plate. With the freestream
eddy viscosity set to 10 7 Ns/m2 , the transition location is at Rex ¼
107, and with freestream eddy viscosity of 10 5 Ns/m2, the transi-
tion location is at Rex ¼ 2 £ 10 5 . As already discussed, numerical
solutions show that the � ow can be maintained laminar by making
the productionterm SP zero by settingcb1 D 0 with the trip functions
ft1 and ft2 set to zero.

The complete Spalart–Allmaras model has trip terms included to
control the transition location, but the formulation is not intended
to model the transition � ow region. The behavior of this model has
been investigated with the results for the local skin friction given
in Fig. 3, where the trip location xt is speci� ed (xt D 0:11964 m).
The numerical predictions show that transition does not occur at
the desired location and varies as the freestream eddy viscosity is
increased above a value of approximately 10 9 Ns/m2 . For these
high-speed � ows, it is dif� cult to control the transition location
with the suggested trip model. In addition, there is no control of the
lengthof the transitionregion.Becauseof these experienceswith the
behavior of the Spalart–Allmaras trip model, different approaches
have been investigated.

Three methods have been investigated to control the transition
location and the length of transition as already described.There are
two parameters xt and xl introduced to control the transition be-
havior. The parameter xt is at the middle of the transition region,
xs D xt xl is the location upstream where transition starts, and the
location downstream xe D xt C xl where the transition region ends
and the � ow becomes fully turbulent. The values for these parame-
ters are chosen as xt D 0:1196 m, xl D 0:1 m, and Rext D 3:84 £ 106,
and these locations are also indicated in Fig. 4.

The results for the skin friction with the three proposed ap-
proaches for modeling transition have been investigated.All of the
methods remain laminar a signi� cant distance after the speci� ed
start of transition. With method 1, where the trip function ft2 is
modi� ed, transitionoccurs downstreamof the desired locationwith
very rapid transition onset. With method 2, where the production
coef� cient cb1 is modi� ed, transition occurs near the desired loca-
tion with a reasonable variation of the skin friction in the transi-

Fig. 3 Transitionlocationfor different freestream eddyviscosities with
the Spalart–Allmaras turbulence model ( ft1 and ft2 terms included) for
Mach 8 � at plate � ow.

Fig. 4 Transitional � ow behavior for Spalart–Allmaras (method 2)
with various freestream eddy viscosities for Mach 8 � at plate � ow.

tion region. With method 3, where the production term coef� cient
cb1.1 ft2/ is modi� ed, transition occurs downstream of the de-
sired transition location with very rapid transition onset. From this
investigation, it is concluded that method 2 provides a reasonable
techniqueto specify the transitionlocationwith limited controlover
the transition region length. The results for method 2 are presented
in Fig. 4. When ¸ varies linearly over the transition region .p D 1/,
there is better control. The transition control method 2 appears to
be insensitive to the freestream eddy viscosity.

Flow Predictions for Reentry F Vehicle
Reentry F Description and Experimental Results

The Reentry F � ight experiment7 was performed in 1968 to pro-
vide measurements of wall heat transfer rates at reentry � ow con-
ditions that cannot be obtained in ground-basedexperimental facil-
ities. The data are for the � ow over a slender conical vehicle where
there is only a small amount of surface ablation localized at the
nosetip. The boundary-layer� ow is laminar, transitional, or turbu-
lent depending on the altitude and location along the body surface.
The Reentry F vehicle was a 5-deg half-angle sphere–cone with an
initial nose radius of 0.00254 m, and the vehicle length is 4.0 m.
A graphite nosetip extended for the � rst 0.1915 m followed by a
conical beryllium frustum. The heat transfer measurements were
obtained at altitudes between 36.6 and 18.3 km. The data at a � ight
time of 456.0 s or an altitude of 24.4 km are used to validate the
turbulence model predictions.Although this � ight experiment pro-
videsexceptionaldata, thereare many aspectsof the � owconditions,
body orientation,body shape, and wall surface temperature that are
not completely or precisely known. Additional details of the � ight
experiment are given by Wright and Zoby.7

The � ow conditions at an altitude of 24.4 km are analyzed most
often and are chosen for the present investigation. The freestream
conditionsused herein are based on the U.S. Standard Atmosphere,
1976,26 and are

M1 D 19:97; ® D 0 deg; ½1 D 0:043523 kg/m3

T1 D 221:034 K; Tw D 500 K; p1 D 2761:41 N/m2

V1 D 5951:858 m/s; a1 D 298:04 m/s; T u D 0:01%

¹1 D 1:445 £ 10 5 Ns/m2; ¹T D 3:3227 £ 10 14 Ns/m2

An assumed turbulence intensity Tu is used in the determination
of the turbulent kinetic energy for the two-equation models. Note
that there is some amount of uncertainty in the speci� cation of
these properties. In addition, the experimentally reported angle of
attack was 0.14 deg, whereas 0 deg is assumed herein so that the
axisymmetric � ow assumption can be used.

Because of ablation, the nose radius increases to 0.00343 m at an
altitudeof 24.4km. This result is an estimatedvalue fromanablation
analysis of the nosetip.10 For the present analysis, it is assumed that
the nosetip shape remains a sphere–cone after ablation with the
same cone half-angle as the conical vehicle, which is µcone D 5 deg.
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Fig. 5 Diagram of the
Reentry F � ight vehicle with
the nosetip location at times
t = 0 and 456 s in the � ight
trajectory indicated.

The nosetip is shown in Fig. 5. The origin in Fig. 5 is located at the
virtual tip of the conical vehicle. For the approximatedsphere–cone
con� gurationin the ReentryF vehiclesimulation, the locationof the
original nosetip and ablated nosetip 456 s into the � ight trajectory
is speci� ed as

x0 D 0:012752 m; xtip.0 s/ D 0:026603 m

xtip.456 s/ D 0:035925 m

In previous analyses of this vehicle, the coordinate x is de� ned
as the axial distance without a clear de� nition of the origin location
given in many cases. Some � gures indicate that the origin is located
at the ablated nose of the body. The axial location x in this paper is
measured from the nosetip of the unablated vehicle. However, due
to the small amount of ablation, the uncertaintyin the locationof the
axial heat � ux measurements has a negligible impact on the results
presented.

Because of the high velocities, the gas temperature is more than
6000 K in the nosetip region with dissociationof the oxygen and ni-
trogen occurring.Downstreamof the nose, on the conical portionof
the vehicle, the temperature immediately behind the oblique shock
is 420 K, and perfect-gas � ow occurs. However, in the boundary
layer, the viscous dissipation increases the gas temperature to ap-
proximately3000K, and dissociationof oxygenoccurs.At 24.4 km,
the chemical reactions are suf� ciently fast that the air is assumed
to be in local thermochemical equilibrium. There is some ablation
of the nosetip, which introduces chemical species from the abla-
tion products into the boundary-layer � ow. Because the amount of
ablation is small, this in� uence has been neglected.

Predictions of Wall Heat Flux for Reentry F Vehicle
Simulation Code and Model Approach

The � ow around the Reentry F vehicle has been calculated with
the SACCARA13 16 Navier–Stokes code. This investigationis con-
cerned with obtaining accurate numerical solutions of the wall heat
� ux based on the input conditions to the code and models used in
the simulation. The wall heat � ux predictions are then compared
with the � ight measurementsat an altitudeof 24.4 km. The solution
is for the � ow over the ablated vehicle. The small angle of attack of
the vehicle (0.14 deg) is neglected, and the � ow is assumed to be
axisymmetric.The solutions use a gas model of air in local thermo-
chemical equilibrium, and the � ow is laminar over the front part of
the body. The � ow transitions to turbulent � ow at a speci� ed loca-
tion. The turbulent � ow has been modeled with the Baldwin–Barth
and Spalart–Allmaras one-equationeddy-viscosityapproaches and
the low-Reynolds-numberk–", Menter k–!, andWilcox(1998)k–!
two-equationturbulencemodels.The iterativeconvergencehasbeen
examined to assess the accuracy of the steady-state solutions. Vari-
ous levels of grid re� nement were used to assess the spatial conver-
gence errors of the numerical solutions. For the Spalart–Allmaras
turbulencemodel, solutionshavebeenobtainedon four mesh levels:
100 £ 40cells (mesh 0-f), 200 £ 80cells (mesh 1-f), 400 £ 160 cells
(mesh 2-f), and 800 £ 320 cells (mesh 3-f). The number of grid
points are given along the surface and normal to the surface, respec-
tively. For the two-equation models, solutions have been obtained
on three mesh levels: 130 £ 40 cells (mesh 0-2eq), 260 £ 80 cells
(mesh 1-2eq), and 520 £ 160 cells (mesh 2-2eq).

Transition Model
As already discussed, the basic SACCARA code treats the tran-

sition process by setting the effective viscosity to the laminar value
upstream of a speci� ed transition plane, whereas downstream of
this plane the effective viscosity is the sum of both the laminar

and turbulent viscosities. This approach has been used with the
Baldwin–Barth one-equation eddy-viscosity model and all two-
equation models. The transition plane is speci� ed to be perpen-
dicular to the vehicle axis and located at x D 2:6 m. With the
Spalart–Allmaras one-equation eddy viscosity model, a different
approach has been implemented as described earlier, with xs D
1:8844m and xe D 2:8844m. From the resultsof the investigationof
the � at plate � ow case, it was concluded that method 2 (coef� cient
cb1 is varied) is the best approach to control the transition process
with the Spalart–Allmaras model at this time.

Iterative Convergence of the Numerical Solutions
The L2 norms of the momentum and turbulence transport equa-

tions exhibitedoscillatorybehaviorafter only a two or three orderof
magnitude drop; thus, another method was needed to monitor con-
vergence. The iterative convergence has been initially determined
by plotting the wall heat � ux at various number of time steps and
assuming convergence has been obtained when there is no notice-
able change in the results. This method is shown in Fig. 6 for the
400£ 160 cell mesh (mesh 2-f) with the Spalart–Allmaras turbu-
lence model. The laminar � ow region takes the longest time to con-
verge because there is a very � ne mesh in the wall region. With
mesh 2-f, the wall heat � ux appears to have no signi� cant changes
after 25,000 time steps. However, these results are misleading. A
more careful analysis has been performed to quantify the iterative
convergence error.

The accuracy of the wall heat � ux qn relative to the steady-state
value is determined by expressing the numerical solution at time
t n as

qn D q.t n/ D qE C "n (24)

The exact steady-state value of the wall heat � ux is qE and the
convergence error at time t n is "n . The convergence error of the
SACCARA codehas been observed to have an exponentialdecrease
in time, which gives the following variation as the solution ap-
proaches a steady state:

"n D ®e ¯t n
(25)

where ® and ¯ are constants. Equations (24) and (25) may be
combined and rewritten as

¯t n D ®
¡
qn qE

¢
(26)

Equation (26) is evaluated at three time levels, .n 1/, n, and
.n C 1/, and the three relations are used to eliminate ® and obtain

Fig. 6 Iterative convergence of surface heat � ux on mesh 2-f with the
Spalart–Allmaras turbulence model.
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¯.t n tn 1/ D
£¡

qn 1 qE

¢¯¡
qn qE

¢¤

¯.t n C 1 t n/ D
£¡

qn qE

¢¯¡
qn C 1 qE

¢¤

If the time increments are equal, then .t n t n 1/ D .t n C 1 t n/ and
the preceding equation becomes

¡
qn 1 qE

¢¡
qn C 1 qE

¢
D

¡
qn qE

¢2

The exact steady-statevalue of the wall heat � ux is solved for in the
preceding equation, which gives

qE D
qn 3nqn 1

1 3n
; where 3n D .qn C 1 qn/

.qn qn 1/
(27)

The iterative convergence error becomes

"n D .qn C 1 qn/=.1 3n/

and the convergence error relative to the exact steady-state value
becomes

% error of qn D 100

µ
qn C 1 qn

qn 3nqn 1

¶
(28)

The foregoing results are related to the approach of Ferziger and
Peric29;30 for determining the convergence error of the numerical
iterative solution of differenceequations,but their results have been
obtained with a different approach. In their work, the parameter 3n

is the spectral radius (or the magnitude of the largest eigenvalue) of
the iterationmatrix. If the eigenvaluesare complex, then the present
approach is not appropriate.The complex eigenvaluecase has been
considered by Ferziger and Peric in Ref. 30.

The described procedure is illustrated for the wall heat � ux so-
lution at x ¼ 2:15 m (where the � ow is laminar) using the Spalart–
Allmaras simulations.The error is shown in Fig. 7 for the four mesh
levels. The local errors obtained from Eq. (28) based on time levels
.n 1/, n, and .n C 1/ are indicated by the symbols. The lines in
Fig. 7 representthe error obtainedfrom the best estimateof the exact
solutiongivenby Eq. (27). This best estimate is determined from the
� nal three iteration levels of the solution.Because of the expenseof
the � ne grid mesh 3-f calculation (800 £ 320 cells), the converged
mesh 2-f results were used to provide an initial starting solution for
this case. The initial solution results on mesh 2-f (shown in Fig. 6)
appeared converged at 25,000 iterations; however, this error analy-
sis indicates that the local iterativeerrors are on the orderof 4% (see
Fig. 7). An additional 15,000 iterations were needed to reduce the
error down to 0.2%. The iterative solution errors are much smaller
than the spatial solution errors, as will be demonstrated.

The iterativeconvergencefor the two-equationturbulencemodels
was also examined for the three mesh levels. Results of the iterative

Fig. 7 Iterative convergence error of the surface heat � ux for the
Spalart–Allmaras model at x = 2.14892 m with mesh f.

Fig. 8 Iterative convergence error of the surface heat � ux for the k–"
model at x = 2.11697 m with mesh 2eq.

Fig. 9 Iterative convergence error of the surface heat � ux for the
Menter k–! model at x = 2.11697 m with mesh 2eq.

error analysis at x ¼ 2:12 m are presented for the low-Reynolds-
number k–" model (Fig. 8), the Menter k–! model (Fig. 9), and
the Wilcox (1998) k–! model (Fig. 10). A larger number of it-
erations were required due to the � ner mesh requirements for the
two-equation turbulence models (mesh 2eq) vs the one-equation
models (mesh f). The two-equation results were also converged to
less than 0.1% error.

Spatial Convergence of the Numerical Solutions
Spatial convergence has been assessed from the steady-state so-

lutions with the Spalart–Allmaras turbulence model on the four
meshes. The wall heat � uxes are obtained from mesh 0-f (100 £
40 cells) to mesh 3-f (800 £ 320 cells). The Richardson Extrapola-
tion procedure(see Ref. 31) has been used to obtain a more accurate
result from the relation

qRE D q3 C .q3 q2/=3 (29)

The precedingrelationassumes that the numericalscheme is second
order both within the domain and at the boundaries. Although re-
cent � ndings32;33 have shown that � ows with captured shock waves
will tend toward � rst order as the mesh is re� ned, analyses that
account for mixed � rst- and second-order behavior are beyond the
scope of the current work. The results from Ref. 33 indicate that
the application of standard second-orderRichardson Extrapolation
to mixed-order problems can provide good estimates of the exact
solution.The accuracyof the solutionson the four meshes has been
estimated with the exact solution approximated with qRE, which
gives the solution error as

% error of qM D 100.qM qRE/=qRE

where M D 0, 1, 2, or 3 refers to the mesh level.
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Fig. 10 Iterative convergence error of the surface heat � ux for the
Wilcox (1998) k–! model at x = 2.11697 m with mesh 2eq.

Fig. 11 Error in heat � ux along the vehicle with mesh f re� nement
using the Spalart–Allmaras turbulence model.

If the mesh has been re� ned suf� ciently where the solution error
has second-orderbehavior (but not yet to the point where the � rst-
order behavior occurs), then the errors on the four meshes have the
following relationship:

% error of q3 D .% error of q2/=4 D .% error of q1/=16

D .% error of q0/=64 (30)

In Eq. (30), the � rst equality will always be satis� ed when Eq. (29)
has been used. The other equalitieswill only be satis� ed if the mesh
has been suf� ciently re� ned to be in the second-order asymptotic
range. The normalized error of the wall heat � ux along the vehicle
is presentedin Fig. 11. The laminar and turbulent� ow regions are in
the asymptotic range, while the transitional � ow region is not in the
asymptotic range. This result is not surprising because the mesh f
grid does not use axial clustering at the transition region. The wall
heat � ux prediction in the laminar and fully turbulent regions have
� ne grid errors (mesh 3-f) of less than 0.5%, whereas the errors
on mesh 2-f are less than 2%. Only the solutions on meshes 2-
f and 3-f are considered suf� ciently accurate for comparison with
the � ight measurements.The RichardsonExtrapolatedresults could
alternativelybe used to providemore accuratenumericalpredictions
than the � nest mesh.

Spatial convergencehas also been examined for the two-equation
turbulence models using three mesh levels. The spatial error of the
heat � ux is given in Figs. 12–14 for the low-Reynolds-numberk–",
the Menter k–!, and the Wilcox (1998) k–! models, respectively.
The spatial error in the laminar regions is under 2%, whereas in
the transitional and turbulent regions the errors are under 5%. The
results for both k–! models indicate that the heat � ux does not
show a fully second-order grid convergence behavior, even in the

Fig. 12 Error in heat � ux along the vehicle with mesh 2eq re� nement
using the low-Reynolds-number k–" model.

Fig. 13 Error in heat � ux along the vehicle with mesh 2eq re� nement
using the Menter k–! model.

Fig. 14 Error in heat � ux along the vehicle with mesh 2eq re� nement
using the Wilcox (1998) k–! model.

fully turbulent region. The spike in the error for the two-equation
models is due to movement of the transition locationon the different
size meshes and is more dramatic for the two-equation models due
to the � ne axial spacing around the transition point.

Wall Heat Flux
The predictions of the wall heat � ux on the Reentry F vehicle at

an altitude of 24.4 km with the one-equation turbulencemodels are
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Fig. 15 Comparison of � ight data for wall heat � ux along Reentry F
vehicle at an altitude of 24.4 km with predictions of the one-equation
turbulence models.

Fig. 16 Comparison of � ight data for wall heat � ux along Reentry F
vehicle at an altitude of 24.4 km with predictions of the two-equation
turbulence models.

given in Fig. 15 alongwith the � ightdata.The Spalart–Allmaraspre-
dictionuses thenumericalsolutionwith mesh2-f and theRichardson
Extrapolation results for this case. The Navier–Stokes results over-
predict the laminar wall heat � ux by roughly 10%. The Spalart–
Allmaras model overpredicts the turbulent wall heat � ux by ap-
proximately 15%. At this altitude, the vehicle has a 0.14-deg an-
gle of attack, and the heat transfer measurements were made on
the leeward side of the conical body. One would expect that a full
three-dimensionalsolution,with thevehicleatangleof attack,would
bring the prediction and � ight data into closer agreement. The pre-
diction with mesh 2-f is believedto be a suf� ciently accurate steady-
state solution that it can be used to validate the turbulence model,
but there is some uncertainty in these results due to uncertainties in
the freestream conditions and the � ight measurements as discussed
earlier.

The simulation with the Baldwin–Barth turbulence model (also
shown in Fig. 15) overpredictsthe laminarwall heat � ux by roughly
10% and is in agreement with the simulation with the Spalart–
Allmaras model. Of course, in the laminar � ow region, the tur-
bulence models should have no impact on the � ow solution. The
turbulent wall heat � ux is overpredicted by roughly 100% with
the Baldwin–Barth turbulence model. It is recommended that the
Spalart–Allmaras model should be used rather than the Baldwin–

Barth turbulence model for reentry � ows.
Resultswith theNaganoandHishidak–", theMenterk–!, and the

Wilcox (1998) k–! models are presentedin Fig. 16. Fine grid results
with mesh 2eq are shown along with the results from Richardson
Extrapolation. Again, the surface heat � ux is overpredicted by ap-
proximately10%in the laminarregion for all of the simulations.The
k–" results show an overpredictionof the turbulent heating rates by
approximately 100%, possibly due to the use of the incompressible

form of the turbulent kinetic energy production term. The two k–!
models show better agreement with the � ight data, with the Menter
model within 40% and the Wilcox (1998) model within 30% of the
data. All three models display a peak in the turbulent heating just
downstream of the speci� ed transition plane, which is possibly due
to crude behavior of the step transition method.

Conclusions
For the Mach 8 � at plate boundary layer � ow with the step tran-

sition method, the Baldwin–Barth and both k–! models gave tran-
sition at the speci� ed location. The Spalart–Allmaras (with ft1 D 0
and ft2 included) and low-Reynolds-number k–" models required
an increase in the freestream turbulence levels to give transition at
the desired location. All models predicted the correct skin-friction
levels in both the laminar and turbulent � ow regions.

For Mach 8 � at platecase, the transitionlocationcouldnotbe con-
trolled with the trip terms as given in the Spalart–Allmaras model.
Several other approaches have been investigated to allow the spec-
i� cation of the transition location. The approach that appears most
appropriate is to vary the coef� cient that multiplies the turbulent
productionterm in the governingpartial differentialequationfor the
eddy viscosity (method 2). When this coef� cient is zero, the � ow
remains laminar. The coef� cient is increased to its normal value
over a speci� ed distance to model the transition region crudely and
obtain fully turbulent � ow.

Predictions have been obtained for the Reentry F � ight vehicle
with both one- and two-equationturbulencemodels, where the tran-
sition location is speci� ed a priori. Care has been taken to quantify
the errors in surface heat � ux distributionsdue to both iterative and
grid convergence. The L2 norms of the residuals exhibited oscil-
latory behavior after a three order of magnitude drop, thus requir-
ing alternative methods for monitoring iterative convergence. An
alternative method for iterative convergence error estimation was
described. This method was used to reduce the iterative conver-
gence errors below approximately 0.1% for all cases. Simulations
were performed on three grid levels for the two-equation turbu-
lence models and four grid levels for the Spalart–Allmaras model
to assess the grid convergence errors. The errors in the laminar and
turbulent regions were reduced to 2 and 5%, respectively, with the
two-equation models and to below 0.5% for the Spalart–Allmaras
model. Richardson Extrapolationwas employed with the two � nest
grid solutions (assuming second-orderspatial accuracy) to get even
more accurate surface heat � ux solutions.

For the Reentry F � ight simulations, the axisymmetric turbulent
predictions for wall heat � ux with the Spalart–Allmaras, Menter
k–!, and Wilcox (1998) k–! models are in reasonable agreement
with the � ight measurements. The wall heat � ux in the turbulent
region is overpredicted by 15% with the Spalart–Allmaras model,
30% with the Wilcox (1998) k–! model, and 40% with the Menter
k–! model. These axisymmetric simulations assume the vehicle is
at 0-deg angle of attack; thus, the agreement with the leeward-side
data is expected to improve if three-dimensional simulations are
performed at the reported 0.14-deg angle of attack. The Spalart–
Allmaras model predictions for this case are much better than the
results from the Baldwin–Barth model. The present form of the low-
Reynolds-numberk–! two-equationmodel greatly overpredictsthe
heating in the fully turbulent region.
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